THE TAUTOLOGICAL RINGS OF THE MODULI SPACES OF 
STABLE MAPS TO FLAG VARIETIES 
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Abstract. We show that the rational cohomology classes on the moduli spaces of 
genus zero stable maps to SL flag varieties are tautological. 



The Kontsevich moduli stacks of stable maps arise as generalizations of the classical 
Deligne-Mumford spaces of stable curves. Their intersection theory has been intensively 
studied in the last decade in relation to enumerative geometry and string theory. 

Partial results are known about the cohomology or the Chow groups of the Deligne- 
Mumford spaces in low codimension or low genus. Higher genera are particularly difficult 
since nontautological classes do exist |GPj . Very little is known even about the tauto- 
logical rings. However, the genus zero case is well understood. Keel proved that the 
cohomology is tautological, in fact generated by boundary classes of curves with fixed 
dual graph K . An easy Hodge theoretic proof of Keel's result is outlined in |Ge| . This 
result has implications, for instance, in the study of the tree-level cohomological field 
00 ■ theories (Mj . 
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0.1. The tautological rings. As the moduli spaces of stable curves are examples of 



■ Kontsevich spaces, it was suggested in IPaSj that it may be useful to push the investiga- 

tion of the tautological rings in the context of Gromov-Witten theory. Here, we study 
the generalization of Keel's theorem to the genus zero Kontsevich spaces of maps to flag 
varieties X. 

There are natural cohomology classes defined on the moduli spaces of stable maps; 
their intersection numbers are the Gromov-Witten invariants of X. We show that these 
natural classes generate the rational cohomology. This implies that the Gromov-Witten 
invariants essentially capture the entire intersection theory of the Kontsevich moduli 
spaces. 

Among the natural cohomology classes, we single out the boundary classes of maps 
with fixed dual graph. We may impose additional constraints making the marked points 
or nodes map to certain Schubert subvarieties of X and requiring that the image of the 
map intersect various Schubert subvarieties. There is a cleaner way of bookkeeping the 
geometric Schubert-type classes we just described which leads to the definition of the 
tautological rings. 

To set the stage, we let X he & convex complex projective manifold, usually a flag 
variety, and (5 € H2(X,Z) a homology class. The moduli stacks Mo,s(X, (3) param- 
etrize S-pointed genus zero stable maps to X in the homology class f3. We use the 
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notation Mq u (X, (3) when the marking set S = {1,2, . . . , re}. Additionally, we denote 
by Mo ) n(X, 0) the corresponding coarse moduli scheme. 

The stable map spaces are connected by a complicated system of natural morphisms, 
which we enumerate below: 

• forgetful morphisms: ir : Mo t s{X, (3) — > M.q.t{X, (3) defined whenever T C S; 

• evaluation morphisms to the target space, evi : Mq ) s(X, 0) — > X for all i G S; 

• gluing morphisms which produce maps with nodal domains, 

gl ■•Mo > s 1 u{.}(X,p 1 )xxMo,{.}us 2 (X,P2) -^M , Sl us 2 {X, (3i + /3 2 ). 

The classes pulled back from the target serve as the seed data for the tautological 
systems. We get more classes making use of the natural morphisms. The definition 
below imitates the more familiar one for the moduli spaces of stable curves. 

Definition 1. The genus tautological rings R*(Aio )Tl (X, 0)) are the smallest system 
of subrings of the rational cohomology H*(Mo in (X, (3)) such that: 

• The system is closed under pushforwards by the natural morphisms. 

• All evaluation classes ev*a where a G H*(X) are in the system. 

Typical examples of tautological classes are the following. Let ai, ■ ■ ■ , ct p be classes on 
X. The class n n (a±, . . . , a p ) is obtained by pushforward under the forgetful projection 
7r:Mo,n+ P (.X,P)^Mo,n(X,P): 

(1) K n (ai, ... ,a p ) = 7r*(et;* +1 ai • . . . • ev* +p a p ). 

The virtual fundamental cycles of various moduli spaces of stable maps to smooth sub- 
varieties of X are examples of classes which are not immediately seen to be tautological. 

Remark 1. (i) All stacks considered in this paper will be smooth and of Deligne 
Mumford type over C. This allows us to speak about their Chow rings as de- 
fined in |Vlj and of their cohomology as defined in |Bej . In this paper, rational 
coefficients will always be understood. The pushforwards in the definition above 
are defined using Poincare duality. 

(ii) The results of this paper hold either in cohomology or in the Chow groups. We 
will write most of the arguments in cohomology. However, we show in jOlj that 
as a consequence of localization, rational cohomology and rational Chow groups 
of the compactified spaces are isomorphic. For the reader interested in the Chow 
groups of the open strata, we indicate the necessary changes in our proofs at the 
appropriate places. 

(iii) In cohomology, we need to keep track of the Hodge structure. To compensate, the 
cohomological proofs show that the classes supported on the boundary fibered 
products are tautological (lemma|3J). This is the only part of the argument which 
we do not carry out in the Chow groups. It is conceivable that one can write 
down an entirely algebraic proof of our main result 1 , which would then work over 

^The referee remarks that the techniques of T could possibly provide an alternative to our Hodge 
theoretic arguments. 
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any field, possibly exploiting the torus action. For instance, one can show in this 
fashion that the cohomology and Chow rings of the boundary fibered products 
are isomorphic. 

(iv) Additionally, one can consider the rational cohomology or rational Chow rings 
of the coarse moduli schemes. Pullback/pushforward by p : Mo tn (X,/3) — > 
Mo„(X, (3) induce inverse isomorphisms in cohomology/ Chow |Be| . |Vlj . It is 
useful to observe that a generic stable map has no automorphisms. This follows 
from the arguments of lemma 2.1.1 in |Pa2j . There are two exceptions when 
X = P 1 or X = P 2 , n = 0, and the degree is 2. We will ignore these cases here. 
The main theorem stated below still holds in these cases by virtue of remark 2.5 
in |BH| . Otherwise, we can freely identify the tautological rings of the moduli 
stacks and of the coarse moduli schemes via p. 

(v) It is customary to include the ip classes in the definition of the tautological rings 
of the Deligne Mumford spaces. However, it is not necessary to include the ip 
classes in the genus tautological system defined above. Indeed, lemma 2.2.2 
in |Pa2j expresses the ifi's in terms of evaluation classes, boundaries and the k 
classes. Here, ipi = ci(£j), where the fiber of the line bundle C{ — » Aio, n (X, (3) 
over a stable map with domain C and markings x\,...x n is the z th cotangent 
line TIC. 

The main result of this paper is the following extension of Keel's theorem from the 
case of rational marked curves to the case of genus stable maps to SL flag varieties. 

Theorem 1. Let X be any SL flag variety over the complex numbers. Then all rational 
cohomology classes on Aio,n(X, (3) are tautological. 

The result contained in the theorem above was already known for X = P r in complex 
codimension 1 by work of Pandharipande |Pa2j . Of course, the degree case was solved 
by Keel. The degree 1 case follows from work of Fulton and MacPherson |FM| . Behrend 
and O'Halloran BH have a method of computing the cohomology ring in degrees 2 
and 3 for maps to P r without markings, essentially using localization techniques - their 
result implies ours in degrees 2 and 3. We also refer the reader to [C] for more low 
degree computations. Moreover, it is shown in |BF| that the stable map spaces to P 1 
have no odd cohomology. In higher degrees or for general flags such results, although not 
surprising, were indeed missing. After our paper was submitted, Mustata and Mustata 
announced a presentation of the cohomology ring for all degrees, when the target is again 
P r [MM] . 

We should mention that the topologists gained a good understanding of the spaces of 
holomorphic maps to flag varieties Map^(P 1 ,X) by comparing them with the spaces of 
continuous maps; work in this direction was initiated by Segal. However, our results are 
of entirely different nature - by contrast with the spaces studied in topology, the stable 
map spaces have only algebraic cohomology. 

0.2. Idea of the proof. As it often happens, one attempts to apply localization tech- 
niques to understand the classes on the Kontsevich moduli spaces. Such an approach 



1 



DRAGOS OPREA 



is tempting in our case as well, especially because the fixed point loci are known to be 
products of moduli spaces of rational marked curves whose cohomology groups are indeed 
tautological. However, the author could not obtain a full proof of the above theorem 
following this line of reasoning unless the target is ¥ r . We will present the argument in 

Nonetheless, localization gives the weaker result below, whose proof was communicated 
to us by Rahul Pandharipande: 

Claim 0.1. Let X = G/P be a homogeneous space acted on by the maximal torus 
T. The equivariant tautological rings Rj,(Mo, n (X, /?)) are obtained by making use of 
the equivariant morphisms in definition 1. Then Rj,(A4o,n(X, /?)) and H^(Mo t n(X, (3)) 
become isomorphic after inverting the torus characters. 

Instead of using localization, our proof of the theorem relies on the Deligne spectral 
sequence as in |Ge| . Most commonly, this spectral sequence is used to define the mixed 
Hodge structure on the cohomology of smooth open varieties. We will use the reverse 
procedure: we will identify the lowest weight Hodge piece in the cohomology of the open 
stratum and use it to derive information about the cohomology of the compactified mod- 
uli spaces. The argument is inductive, making use of the fact that the open stratum is 
compactified by adding normal crossing divisors which are essentially lower dimensional 
moduli spaces of stable maps. Two observations are necessary in order to identify the 
relevant piece of the Hodge structure. First, the morphism spaces are hard to under- 
stand cohomologically. For this reason, we will appeal, as in BDW , to the different 
compactification provided by the Hyper-Quot scheme. Secondly, we use a technique 
which goes back to Atiyah and Bott: when the number of markings is small, we express 
the open stratum as a global quotient and carry out the computation in equivariant co- 
homology. A similar program was partially pursued in jPalj for unpointed maps to P r . 
The general case is more involved. When X is a Grassmannian, we rely on Stromme's 
description of the Quot scheme as the base of a principal bundle sitting in an affine space 
[5t] , Combined with the Atiyah-Bott technique we obtain enough information about the 
Hodge structure of the open stratum to prove our main result. When X is any SL 
flag variety, the proof above does not immediately carry over. We will make use of the 
already proved results for Grassmannians combined with a general statement about the 
cohomology of the Hyper-Quot scheme HQuot, which we obtain using a technique due 
to Ellingsrud-Stromme-Beauville ES . This will turn out to be sufficient to finish the 
proof. 

0.3. Plan of the paper. The section following this introduction contains generalities 
about the spaces of stable maps. We collect there known results and we fix the notations. 
We also discuss the Hodge theory needed for our arguments. We will indicate the proof 
of theorem ^ m the second section. The last section presents a few conjectures. The 
appendix contains a discussion of the higher genus tautological systems. 

0.4. Acknowledgments. We would like to thank Alina Marian for helpful conversations 
and enjoyable coffee breaks. We thank Professor Gang Tian for encouragement, support 
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The purpose of this section is to collect various facts about the geometry of the stable 
map spaces which we will need later, and to fix the notations. We discuss the stratifica- 
tion with respect to the dual graphs and the associated Deligne spectral sequence. 

1.1. The stratification by dual graphs. To begin, we let X = G/P be a projec- 
tive algebraic homogeneous space, where G is a semisimple algebraic group and P is a 
parabolic subgroup. We also fix (3 £ H2(X,Z) a homology class. 

We let Mo,„(X,/5) be the coarse moduli scheme of n pointed stable maps to X in 
the class (3. A construction of the moduli scheme in algebraic geometry was achieved 
by Fulton and Pandharipande in |FPj . It is shown there that the moduli scheme is a 
normal projective variety with finite quotient singularities - an orbifold if we work in the 
analytic category. In this subsection, we will discuss the coarse moduli schemes, but it 
should be clear how to extend our conclusions to the moduli stacks. 

To each stable map we associate the dual tree which carries degree labels and legs. 
We agree that a vertex v has degree (3 V and n(v) incident flags (i.e. edges and legs). The 
moduli space Mo jn (X, (3) is a union of strata consisting of maps with fixed dual graph T. 
The closure M(T) of this stratum can be described as the image of a ramified covering 
of degree Aut(T). The relevant morphism is: 



The left hand side is a fibered product along evaluation maps at the markings on the 
moduli spaces determined by the edges of T. 

There is a dense open stratum of maps with irreducible domains. Its complement is 
a union of divisors with normal crossings (up to a finite group action). However, this 
does not mean that the components of the boundary divisors do not self-intersect; in 
fact they always do for large degrees. We emphasize this point for later reference when 
we write down the Deligne spectral sequence. 

The boundary strata are indexed by stable trees with one edge and two vertices. Each 
vertex has legs labeled by two sets A, B with Au B> = {1, ...,n} and degrees [3a, Pb 
adding up to (3. Of course, stability means that if 0a = then |A| > 2, and similarly if 
(3b = then \B\ > 2. The corresponding boundary stratum 



where • and * correspond to the double point of the domain curve. The following two 
cases may occur: 



1. Generalities about the stable map spaces. 




L:D((3 A ,(3 B ,A,B)^M 0>n (X,[3) 
is the image of a gluing map 



C : M(A,B,(3 A ,(3 B ) = M 0Au{ . } (X, (3 A )x x M ^ }uB (X, (3 B ) -> M , n (X,(3) 
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• If the tree has no automorphisms, then £ is the normalization map of the bound- 
ary stratum D(A, B, (3a, 0b)- If both A,Bj^$ then £ is an isomorphism. Observe 
that if A = (or if B = 0), then the corresponding divisor may self- intersect in a 
codimension two stratum of maps with three components glued at two nodes, the 
middle component containing all the marked points, the two external components 
having the same degree. 

• If A and B are both empty and 0a = (3b, then the corresponding dual tree has 
a non-trivial automorphism. We need to factor out the Z/2Z symmetry to get 
the normalization map of the corresponding boundary stratum. 

1.2. The Deligne spectral sequence. In this subsection, we review the main ingre- 
dients of Deligne's spectral sequence. Then, we apply the general theory to the case of 
the moduli space of stable maps. 

To get started, we let Y be a smooth complex projective variety (or a projective 
orbifold later), D be a divisor with normal crossings in Y; self-intersecting components 
are allowed. Let U denote the complement of the divisor D in Y, and let j be the inclusion 
U w Y, We denote by D p the subspace of Y consisting of points of multiplicity at least 
p, and we let D p be its normalization. Locally, D is union of smooth divisors, and D p 
collects the points belonging to intersections of p of them. We agree that D° = Y. 
We will use cohomology with coefficients in the "orientation" local system e p . This local 
system is defined on D p as follows. For points y belonging to p local components of D, we 
set e p to be the determinant of the space of the p local components (see [D] for a complete 
discussion). In the case when D is union of smooth irreducible components without self- 
intersections, e p can be trivialized by choosing an ordering of the components. However, 
the case we will consider will involve self- intersecting components. 

The cohomology of the open stratum H*(U) carries a mixed Hodge structure which 
can be described explicitly in terms of the deRham complex of logarithmic differentials. 
As a consequence of this general construction, H n (U) has a weight filtration C W n C 
W n+1 C . . . C W 2n = H n (U). We will mainly be interested in the lowest piece of the 
filtration which can be computed as the restriction of the cohomology of Y: 

w n = j*#«(y). 

Additionally, there is another filtration whose role is to give the successive quotients 
W % /W % ~ 1 a pure Hodge structure of weight i. 

There is a spectral sequence relating all the ingredients of the above discussion. Its 
Ei term is 

E -P,g = H- 2p+q (D p ,e p ), 

and the first differentials of the spectral sequence are a signed sum of Gysin inclusions. 
One of the main results of Hodge theory is that the higher differentials are all zero, and 
then the spectral sequence collapses to E^' q = E^' 9 which is the piece of weight q on 
Hi- p (U) [D]. 

It was shown by Grothendieck |Gr2j that the definition of the lowest Hodge piece 
is independent of the compactification Y of U: for the purposes of defining W n H n (U) 
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we can pick any smooth compactification Y, maybe without normal crossings comple- 
ment, and consider the restrictions of differential forms on Y . That is, for all smooth 
compactifications j : U Y, we have 

W n H n (U)=fH n (Y). 

It follows immediately that if V C U have a common smooth compactification then the 
restriction map W n H n {U) — ► W n H n (V) is surjective. For example, if V is Zariski open 
in a smooth variety U such a compactification can always be found by Nagata's theorem 
and resolution of singularities. 

A similar remark can be proved in equivariant cohomology, if both U and V are 
equipped with compatible linearized actions of an algebraic group G. First, for any 
scheme X with a G action, the Hodge structure on the equivariant cohomology Hq(X) 
is constructed using the simplicial schemes [X/G], (see |D] for notation). The equivariant 
version of Grothendieck's result is obtained as follows. It is proved in |EG] that for each 
n, there exists an open subset T of an affine G-space, equipped with a free G-action and 
whose complement has large codimension compared to n. The morphism of simplicial 
schemes [X x T/G], — > [X/G], induces a morphism of Hodge structures: 

ffg(X) = H n ([X/G],) -> H n {[X x T/G}.) = H£(X xT) = H n (X x G T). 

It is shown in |EG| that the map above is an isomorphism. When X is smooth, the 
morphism of schemes X xgT — > T/G is also smooth |EG| . For our applications, the 
base can always be chosen to be smooth, so X xg T is also smooth. We combine the 
isomorphism of Hodge structures above with the non-equivariant Grothendieck remark 
for the schemes X xqT when X is either U and V. We conclude that: 

(2) W n H£(U) -> W n H%{V) is surjective. 

The similar statement about the Chow groups is evident. 

We want to apply these general considerations to the space of stable maps. Although 
Mo,n(X, j3) is not a smooth variety, its singularities are mild: they are all finite quotient 
singularities. There is an extension of Deligne's results to this setting which is worked 
out in All the above results carry over without change. 

In the context of stable maps, we will mainly be concerned with the differential: 

d x : E7 l ' k = @H k - 2 (M 0Au{ . } (X,p A )x x M 0MuB (X,(3 B )y E°{ k = H k (M„,„ (X, 0) ) . 

The cokernel of this map is the weight k piece of H k (Mo^ n (X, /?)) which we will proceed 
to identify in the next section when X is a Grassmannian. 

The superscript "-"on the cohomology groups of the boundary divisors comes from 
the orientation systems e p . If the boundary graph has no automorphisms we consider the 
whole cohomology group. In the case of the Z/2Z symmetry of the boundary graph we 
need to take fewer classes. In general, for any graph T, the boundary M(T) is dominated 
by a product of smaller moduli spaces of stable maps. The cohomology of the product 
carries a representation of Aut(T). Each automorphism has a sign given by its action on 
the one dimensional space det(Edge(r)). The minus superscript indicates that we only 
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look at classes which are anti-invariant under the sign representation of Aut(T). For 
the boundary divisors of nodal maps with equal degrees on the branches, these are the 
Z/2Z-invariant classes. 

In particular, this discussion implies that the sequence: 

(3) H k ' 2 (M(A, B, p A , Pb)) - H k (M , n (X, /?)) - W k H k (M , n (X, (3)) -» 

is exact (see also corollary 8.2.8 in [H])- The similar statement for the Chow groups is 
obvious. 

Once the exact sequence © is established, we can replace the coarse moduli schemes 
by the corresponding moduli stacks. To make sense out of the lowest piece of the Hodge 
structure on the smooth open stack M.Q n (X, /?), we use the isomorphism with the co- 
homology of the coarse moduli scheme (remark 1 (iv)). Alternatively, the construction 
of a functorial mixed Hodge structure on the cohomology of algebraic stacks has been 
outlined in |Dhj . 

2. Stable Maps to SL flags. 

In this section, we establish the proof of the main result. We begin with the case 
when the target space is a Grassmannian. We first identify the lowest piece of the Hodge 
structure on the cohomology of the open stratum of irreducible maps. We start with the 
case of three marked points, then move down to 0, 1 and 2 markings. We conclude the 
argument by showing that the boundary classes are tautological. To this end, we prove 
a result about the cohomology of flbered products, essentially using techniques of [D] 
and |BF| . To complete the proof for general SL flags, a discussion of the cohomology of 
the Hyper-Quot scheme is required. 

2.1. Stromme's description of the Quot scheme. In the next few subsections we let 
X be the Grassmannian of r dimensional quotients of some N dimensional vector space 
V . We will begin with a description of the smooth scheme of degree d > 1 morphisms 
to X, which we denote by Mor^(P , X). When X is the projective space, this discussion 
is trivial, the space in question can be described as an open subvariety in a projective 
space. However, for other flag varieties X such a convenient description is not as easy to 
come by; it was obtained by Stromme for Grassmannians |Sy. We also remark that when 
X is a convex toric variety, the scheme of morphisms from P 1 to X admits a description 
similar to the one for P r [HI]; similar arguments may be applied. 

We will now explain Stromme's construction. To fix the notations, we let iS and Q 
denote the tautological subbundle and quotient bundle on the Grassmannian, sitting in 
the exact sequence: 

To give a degree d morphism / : P 1 — > X is the same as giving a degree d, rank r quotient 
vector bundle F = f*Q as follows: 

V <g> P i -> F -> 0. 

Allowing quotients which may not be locally free, we obtain the smooth compactification 
of Mor ( ^(P 1 ,A") which is known as Grothendieck's Quot scheme. We will denote this 
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by Quot(N,r,d). It will be clear below that the cohomology of the Quot scheme is 
easier to understand than that of the Kontsevich spaces. Incidentally, we note that 
this compactification was also used in jBDWj to compute the "Gromov invariants" of 
Grassmannians . 

We consider two natural vector bundles A-x and Ao on the scheme Mor^P 1 , -X"). 
Their fibers over a morphism / are H°(f*Q © Opi(— 1)) and H (/*6) respectively. 
These vector bundles extend over the Quot scheme compactification. We let J- be the 
universal quotient of the trivial bundle on P 1 x Quot, and we let vr : P 1 x Quot —s- Quot 
be the projection on the second factor. The extensions are, for m > —1: 

A m = Opi(m)). 

The relevance of these vector bundles for our discussion comes from the following 
consequence of Beilinson's spectral sequence. The bundle F is the last term of the 
"monad" : 

>■ H°(F g> Opi (-1)) © ppi(-l) >- H°(F) © Opi F >■ 0. 

If we pick bases for H°(F(— 1)) and H°(F), we can identify these vector spaces with 
W—x = C d and Wo = C r+d respectively. We rewrite the above diagram as follows: 

V ©Opi 

>■ W-x © Opi (-1) >■ W © P i ^ F > 0. 

It is evident now that the datum of the quotient V Opi — > F can be encoded as an 
element of the affine space: 

H°(Hom{W-x ® P i (-1), Wo 8) Opi)) Hom(y, W ) = P F (O P i (1)) Q 

where P = Hom(W_i, Wo) and Q = Hom(y, Wo). Of course, not every element in this 
affine space is allowed; we need to impose the condition that the quotient we obtain be 
locally free and that the map from the trivial bundle V Opi — ► F be surjective. In 
fact only an open subset of this affine space corresponds to morphisms / £ Mor^P 1 , X). 
We also need to account for the GLj x GL r+ d ambiguity coming from the action on the 
space of bases of H°(F(-1)) © H°(F). 

We carried out the above discussion on the level of closed points, but in fact Stromme's 
construction takes care of the scheme structure as well. We obtain: 

Fact 2.1 (Stromme, (S3). The total space T of the bundle of GLj x GL T+( i frames of the 
vector bundle A-x © Ao over Mor^F 1 , X) sits as an open subscheme in the affine space 
P©if°(Opi (1))©Q. In fact, this description extends to the Quot scheme compactification 
of Mor d (F\X). 

As a consequence of equation (J2J) with trivial group, we conclude that the lowest piece 
of the weight filtration W*H*{F) = 0. Throughout this paper, we will repeatedly use 
the notation W*H* for the lowest piece of the weight filtration. 
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To end the summary of Stromme's results, the following result of Grothendieck is 
needed. 

Fact 2.2 (Grothendieck, [Hr]). Let E be any rank r vector bundle over a smooth compact 
base X. If P denotes the bundle of GL r frames, then there is a surjective map: 

H*(X) -> W*H*(P) 

whose kernel is the ideal generated by the Chern classes C{(E). The same statement holds 
equivarianly for an algebraic group action, and for the Chow rings. 

Applying these two facts to our setting we obtain that H*(Quot) is generated by the 
Chern classes Ci(Ao) and Ci(A-i). Therefore, using (J2J), we obtain: 

Fact 2.3 (Stromme, jESD- The lowest weight Hodge piece W*H*(Mor d (¥ l , X)) is spanned 
by the Chern classes Ci(Ao) and Cj(*4_i). The same result holds for the Chow rings. 

2.2. Many marked points. Our goal is to prove the following statement about the 
open stratum M.Q^ n (X, d): 

Lemma 1. The lowest piece of the Hodge structure W*H*(Mo tn (X,d)) is spanned by 
restrictions of the tautological classes on Aio, n (X,d) of definition 1. The same result 
holds for the Chow groups of Aio,n(X, d). 

In this subsection, we will consider the case of the above lemma when n > 3. We 
use the results proved above about the Quot scheme. It will be useful to consider the 
sheaves on the stack A4o jn (X, (J) defined, for m > 0, as: 

g m = ir*ev*(Q® (det Q)® m ). 

Here ir and ev are the projection from the universal curve and the evaluation map 
respectively. We will be interested in the Chern classes of the restrictions j*Q m to the 
open stratum j : M.Q^ n {X,d) — > Aio tn (X,d). We show that these generate the lowest 
Hodge piece of cohomology (or the Chow groups). 

We consider the fiber diagram, where Co tTl (X, d) is the universal curve over A4o tTl (X, d): 



Co,n{X, d) 



M , n {X,d) ^Mor d (P 1 ,X) 

In the above diagram, q : M 0) n(X,d) -» Mor d (P\X) is the forgetful map defined by 
forgetting the first three points; q is defined similarly. We let p : P 1 x Mor^(P 1 , X) — ► P 1 
be the projection. Since ev* det Q and p*Opi(d) agree on the fibers of tt, there exists a 
line bundle C on Mor ( ^(P 1 , X) for which the following equation is satisfied: 

ev* det Q = p*(D P i (d) ® vr*£. 

We compute: 

(4) fQ m = n*ev* (Q ® (det Q)® m ) = n*q* (ev*Q ® p *O p i (dm) ® vr*£® m ) = 
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= g*7r* (ev*Q ® p*0 P i (dm) ® 7T*£® ro ) = gM dm g*£® m . 

There is an isomorphism Mo >n (X, (3) = Mo, n x Mor ( ^(P 1 ,X) whose projection on the 
second factor is q. Kunneth decomposition can be used to understand the Hodge struc- 
ture on the open stratum: 

H k (M , n (X,P))= ^(Mo^iP'tMor^P 1 ,*)). 

i+j=k 

In |Ge| . it is proved that the i th cohomology H l (Mo jn ) carries a pure Hodge structure 
of weight 2i. Since Mor ( ^(P 1 ,X) is smooth, its j th cohomology carries weights between 
j and 2j. Hence to get the weight k piece W k H k (A4 0tn (X, /?)) we need i = 0, j = k. 
Thus, this weight k piece is isomorphic to the the weight k piece W k H k (Mor^F 1 , X)) 
via the pullback: 

q* : W*H*(M , n (X,d)) - W^if^Mor^P 1 , X)). 
It follows from /act \2.3l and the exact sequence jH£] : 

-f A -» .4®^ -> A.+2 -> 0, for A; > 0, 

that W*H*(Mov c i(V 1 , X)) is generated by the Chern classes of Ao and Adm, for any 
m > 1. Better, we can pick as generators the Chern classes of Adm ® C® m for all values 
m > 0. To see this, observe that we can express the Chern classes of the bundles Adm 
in terms of those of Adm ® £® m . Indeed, it suffices to prove that c\(C) can be expressed 
in terms of the collection of Chern classes ci(Ad m ® C® m ) for all m. This follows from 
the Chern class computation: 

ci(Adm <8> iZ 1 ^" 1 ) = mci(£) rank j4d m + ci(^4rf m ) = m 2 drci(C) + linear term in m. 

The isomorphism q* above and equation Q show that the Chern classes of j*Q m generate 
W*H*(M m(X,d)) for n > 3. 

Finally, to completely prove lemma ^ when n > 3, we need to show that the Chern 
classes of Q m on A^o,n(-^)^) are restrictions of the tautological classes of definition 1. 
We repeat the argument of lemma 17 in |Ulj . There, we explain the required Mumford- 
Grothendieck-Riemann-Roch computation. To conclude, we need to observe that the 
Chern class of the relative dualizing sheaf ci^u^) is tautological. Here ir is the forgetful 
morphism. This is a consequence of proposition 1 in 02 . One can argue differently by 
using the Plucker embedding to reduce the statement to the case of a projective space 
¥ N in which the Grassmannian embeds. Then, we invoke |Pa2j . It is shown there that 
all codimension 1 classes on A4o :n (¥ N , d) are tautological. 

The statement for the Chow groups follows in the same fashion. We need the obser- 
vation that for any scheme T, the map: 

q* : MT) - MM ,n X T) 

is an isomorphism. This is well known. For example, it follows from comparing the exact 
sequences: 



12 



DRAGOS OPREA 



0. A*(Di) A,{T) MM ,n) ® MT) A(M , n ) ® A*(T) * A,(T) 

q* 

0. A*(Di x T) A(M , n x T) MMo, n x T) 

Here Di are the boundary divisors of Mo >n , which are products of lower dimensional 
moduli spaces of stable marked rational curves. Since the first two vertical arrows are 
isomorphisms as it is shown in section 2 of jK], the third vertical arrow is also an 
isomorphism. 

2.3. Fewer marked points. We will now prove lemma ^ when the domain has fewer 
marked points. A case by case analysis depending on the number of markings is required. 

2.3.1. No marked points. To begin, we consider the case of no marked points. We let 
SL/2 act on C 2 in the usual way. In turn, we obtain an action on the scheme of morphisms 
Mov d (¥\X): 

SL 2 x Mor d (P\ X) 3(gJ)^f g- 1 G Mor d (P\ X). 

Since each morphism is finite onto its image, it is easy to derive that the action has finite 
stabilizers. It is known that the PSL2 quotient of Mor^P 1 , -X") equals Moo(X,d) and 
since the center in SL2 acts trivially, we see that the space of SL2 orbits of Mor^(P 1 , X) 
is the topological space underlying Mao(X,d). A well known result, which is proved for 
example in |Brj . gives an isomorphism between the cohomology of the orbit space and 
the equivariant cohomology. In our case, this translates into an isomorphism: 

(5) H*(M 0>0 (X,d)) = tf^Mor^P 1 ,*)). 

Even more, the right hand side can be given a Hodge structure using simplicial schemes 
[D] . which, by functoriality is compatible with the structure on the left hand side. 

We now move the discussion to the algebraic category. It is easy to see using the 
numerical criterion of stability that the action of SL2 on Mor^(P 1 ,P Ar ) f> Nd + N + d h as 
only stable points. The same statement then holds for Mor^P 1 , Jf) using the Plucker 
embedding. In turn, this implies the existence of a geometric quotient Mor^P 1 , X)/SL<2- 
This quotient can be identified with Mqq(X, d), since both schemes solve the same moduli 
problem (see also the similar argument in |Palj ). 

We will make use of the isomorphism |EG| : 

(6) A k (M 0fi (X,d)) = A k SL2 (Moi d (F\X)) = A k (Moi d (¥ l ,X) x S l 2 W). 

In the topological category, we compute equivariant cohomology taking for W the con- 
tracture space ESL2. In the algebraic case, we let W = Wk be any a smooth open 
subvariety of an affine »SL2-space, which has large codimension compared to k and which 
has a free SL2 action (cf. |EG| . see also the previous section). 

Let us write, for now, G = SL2; later, we will make use of other groups as well. 
We will use the following standard notation. For any G scheme X, Xq will denote the 
equivariant Borel construction. In the algebraic setting, Xq will stand for any of the 
mixed schemes X Xg W (cf. |EG| ^ where W is described in the previous paragraph. 
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We observed in the first section that all equivariant models Xq can be chosen to be 
smooth. Generally, properties of equivariant morphisms such as smoothness, or flatness 
and properness, still hold for the induced morphisms between the mixed spaces |EG| : we 
will make use of this fact below. Moreover, any G-linearized bundle E — ► X lifts to a 
bundle Eq — > Xq whose total space is E Xq W. 

We will compute the right hand side of © and © using arguments similar to 
Stromme's. We will need to extend the SL2 action to the Quot scheme and to lift 
it to the bundles A-i,Aq. For example, the SL2 linearization of A-i is essentially de- 
termined by the usual SL2 linearization of L = Opi(— 1). To be precise, we consider the 
following diagram: 

SL 2 x P 1 P 1 



SL 2 x P 1 x Quot 



: P 1 x Quot 



SL 2 x Quot : 



Quot 



a*A- 



Here, a is the action, while the morphisms a, ir and p are projections. We have 
an isomorphism r/ : <r*C?pi(— 1) — » a*Opi(— 1). Writing as before T for the universal 
quotient sheaf on P 1 x Quot, the linearization of A-i is obtained as follows: 

<7*7r*(.F®p*qpi(-l)) =7rX(^ r ®P*C , pi(-l)) = 

>pV*0 P i(-l)) ff*(a*^«pVO,a(-l)) = 

>P*O p i(-1)) = a*7r*(^*®p*Opi(-l)) = 

We will be concerned with the mixed space QuotsL 2 an d the bundles A^ 2 which are 
the lifts of the equivariant bundles A m , for m € {—1,0}. A moment's thought shows that 
the Stromme embedding described in fact \2.1\ \s SL 2 equivariant. It is immediate that 
taking frames of a vector bundle commutes with the construction of the mixed spaces 



SL 2 ; 




IS 



and of mixed bundles over them. Then, the bundle of (split) frames of A_\ 2 © A t 
the mixed space Tsl 2 an d moreover, it can be realized as a subscheme 

(7) T SL2 (P © H°(¥\ O f i (1))) © Q) S l 2 - 

The latter space can be described explicitly. In the topological category, BGL2 can 
be realized as the infinite Grassmannian G of 2 dimensional planes endowed with a 
tautological rank 2 bundle §. Its frame bundle serves as a model for EGL2 = ESL,2- 
In the algebraic category, we consider the truncated models of the infinite dimensional 
constructions. For instance, W/GL2 will be a finite dimensional Grassmannian of 2 
dimensional planes. Then, W will be the bundle of GL2 frames of the tautological 
rank 2 bundle S over W/GL2. W/SL2 is the bundle of C* frames of the determinant 
det § — > W/GL2- This is a consequence of the fact that any frame of S, say w £ W, 
gives rise to a frame det w of det §. We will denote by § the pullback to Wf SL2 of the 
tautological bundle S. 
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It is then clear that the second mixed space in Q, which we are trying to describe, 
can be realized as the total space of the bundle: 

P®§*®0®Q^ W/SL 2 . 

Therefore, its cohomology (or Chow rings) can be computed from that of the base. In 
turn, this is easily seen to be (via fact\ 



W*H* SL2 = ^ L2 / Cl (A 2 S) =C[c 2 (S) 

Repeating the arguments of the previous subsection in the equivariant setting (making 
use of fact 12. 21 and equation (|2"|)) we obtain two surjections: 

W*H* SLa -> W*H* SLa (T), H* SL2 (Quot) -> W*H* SL% {T). 

We have explicit generators for the kernel of the second map, namely the equivariant 
Chern classes of the bundles A—\,Aq. We conclude the following: 

Claim 2.1. The cohomology Hg L2 (Quot) is generated by the equivariant classes of 
Aq and A-i together with the pullback of the Chern class 4c2(S) = C2(S'ym 2 S) from 
W/SL2. Hence, the same is true about the lowest piece of the Hodge structure of 
H* SL2 (Mor d (F\X)). 

We are now ready for the proof of lemma ^ We consider the following diagram of 
fiber squares: 



P(S) =F 1 x SL2 W 



W/SL-i 



^xMor^P 1 ,!)) x S L 2 W- 



C 



X 



Mor^P 1 ,^) x SL . 2 W 



■M 0fi (X,d) 



+ M 0j0 (X,d) 

In the above diagram, we start with the flat algebraic family tt whose fibers are 
irreducible genus curves (which are not canonically identified to P 1 because we factored 
out the SZ^-action). The classifying map to the moduli stack is denoted by e. In the 
same diagram, C is the universal curve, and p : Mo t o(X, d) — ► Mofl(X, d) is the natural 
morphism to the coarse moduli scheme. 

We know that p and pe induce isomorphisms in rational cohomology |Bej , |EG| , hence 
the same is true about e. It suffices to show that any class of lowest Hodge weight on 
the smooth space Mor^(P 1 ,X) xsl 2 W is the pullback from Mofi(X,d) of restrictions 
of the tautological classes of definition 1. 

We will use the conclusions summarized in claim l2~Tl It is clear that Aq L2 corresponds 
to the bundle Go = 7r^(ev*Q) under the isomorphism © induced by e. 

We argue that the Chern classes of the bundle A_i 2 also come as pullbacks under e of 
tautological classes on Mo t o(X,d). Let L be the lift of the linearized bundle p*Opi(— 1) 
on P 1 x Mor^P 1 , X) to the equivariant mixed space (P 1 x Mor^(P 1 ,X)) Xsl 2 W. First 
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we note that A_ x 2 = TT i( {e k ev k Q®L). Since both sides are locally free, it suffices to check 
equality after pullback by the smooth morphism k of the following fiber diagram: 



P 1 x Mor d (P 1 ,X) ^— - P 1 x Mor d (P 1 ,X) x W 




xMor^P 1 ,!)) x SL2 W 



pr 



Mor d (P 1 ,X) x W 



Mor^P 1 , A) x 



SL 2 



W 



Mor d (P\X)- 
We have: 

k*A S _ L x 2 =pr*A-i =7k(eu*Q®p*Ppi(-l)) = ev*Q®k*L) = K*TT*(ev*Q (g) L). 

To compute the Chern classes of A^ 2 we need to use Grothendieck-Riemann-Roch. 
We need to explain that the class c\{L) is a pullback under e of a tautological class 
on MQfi(X,d). To this end, we replace this class by a multiple of ci(ws-), which is 
tautological as explained in section 2.2. This is justified since after pullback by k the 
two line bundles and L® agree. 

Finally, we discuss c 2 (Sym 2 §). We claim that on Mor^P 1 , A) x$l 2 W the following 
equation holds true: 

(8) e*7r*u;* = q*Sym 2 §*. 

The Chern classes of tt^uj* are tautological by the usual argument involving Grothendieck- 
Riemann-Roch. 

To establish the equation above, observe that we are in the particularly favorable 
situation when all relative dualizing sheaves involved are line bundles over smooth bases, 
hence taking duals causes no problems. We have e*w+LJ* = 7r*w~ = q*n+uj^. The following 
Euler sequence on P(§): 

o o -> tt*s ® o P( s } (i) -> (4 -> o 

shows that 

u% = det(7r*S ® P(g) (l)) = O p( s)(2). 

Here we used that W/SL2 is the space of frames for A 2 S, so the pullback of A 2 S —> 
W/GL 2 to W/SL 2 is trivial. We immediately obtain n+LJ^ = Sym 2 §*, establishing (jSJ). 

2.3.2. One marked point. The remaining two cases are entirely similar. For the case of 
one marking, we will use the action of the subgroup N of SL 2 of matrices: 

a b 
a' 1 



N 



a G C*. 6 G C 



We carry out the equivariant arguments of the previous section replacing SL 2 with the 
group N. 

We will identify EN and BN . To construct algebraic families, we will work with the 
finite dimensional approximations of the topological models. As before, W/GL 2 will be 
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a Grassmannian of 2 dimensional planes of large, but finite, dimension. We identify W 
with the bundle of GL2 frames of the tautological bundle S. We have seen that W/SL2 
is the bundle of C* frames in det S. Moreover, the space W/SL2 comes equipped with 
the tautological pullback bundle, which we denote by S. The space W can be used 
to compute the iV-equivariant cohomology (or Chow groups). Then, W/N will be the 
projective bundle P(§) over W/SL 2 . In addition, letting r : W/N -> W/GL 2 be the 
projection, we have F 1 x^W = P(r*§). The last two statements follow by observing the 
map: 

{frames in a 2 dimensional vector space S}/N ^P 1 ^), fr ame {e, /} — > line spanned by e. 
The relevant diagram of fiber squares is: 

P(r*§) = P 1 x N W ^— (P 1 x Mor d (P 1 , X)) x N W — >■ C - >■ X 



P(S) = W/N* Mor d (P 1 ,X) x N W e -*M ,i(X,d) *-M 0)1 (X,d) 

We will denote by £ the dual hyperplane bundle of P(S) — > W/SL2 and similarly H will 
be the dual hyperplane bundle of P(r*§) -> W/N. The morphism tt : P(r*§) -> P(S) has 
a canonical section z such that z*H = £. The flat algebraic family fr also has a section 
z whose image in each fiber is the iV-invariant basepoint [1 : 0] € P . We let e be the 
classifying map to the moduli stack M.Q^(X,d). 

The above description of W/N as a projective bundle over W/SL2 shows that 

W*H% = W*H* SL2 [ Cl (t)]/( Cl {t) 2 + c 2 (S)) = CfciCO, c 2 (S)]/( Cl (£) 2 + C2 (S)) = C[ C1 (0]. 

To complete the proof of lemma ^ we use the arguments in the previous subsection. 
We only have to write the class q*c\(£) on Mor^(P , X) x jy W as the pullback of a 
tautological class on Mo t i(X, d). 

The Euler sequence on P(r*S) shows that 

O^O^ tt*t*S ® S -> c4 -> 0. 

Taking determinants and recalling that r* det § is trivial, we obtain u>i = H® 2 . Therefore, 

2*ci(w fr ) = -2ci(5*S) = -2ci(£). 

It is then clear that: 

-2g* Cl (£) = ?*S*ci(w*) = z*ci(wjf) = e* (2*01(0;^)) = e*$L- 

The proof is now complete, since we explained in the introduction (remark 1 (v)) the 
tautology of the ip classes. 

2.3.3. Two marked points. The argument is again similar to the case of one marked 
point. We let C* act on P 1 as follows t-[z : w] = [t~ 1 z : tw]. We obtain the isomorphism: 

H*(M ,2(X,<t)) = H^(Mor d (¥\X)). 

We compute the right hand side. W/C* will be a large projective space and W the 
bundle of C* frames of the tautological line § — > W/C*. 
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The following diagram of fiber squares will be useful in our computation: 



P(§0§*) =pi x c * W (P 1 x Mor d (P 1 ,X)) x c * W 



X 



W/C* < Mor d (P 1 , X) x c * W ■ 



M 0}2 (X, d) M 0t2 (X, d) 

The family n has two tautological sections z, w such that z*^ = § and w*^ = §*; here, £ 
is the dual hyperplane bundle of P(§©§*) — > W/C*. The family tt also has two sections, 
their images are the two C* invariant points of P 1 in each fiber. 

We obtain generators for the lowest piece of the Hodge structure on H£+ (Mor^(P , X)). 
In the light of the previous discussion, we will only need to explain that the class q*c\ (§) 
coming from W/C* is a pullback of a tautological class on Mq^X, d). The argument is 
identical to the one in the previous section. Prom the Euler sequence along the fibers of 
7T, it follows that c\{lo^) = — 2ci(£). The computation below finishes the proof: 

-2g*ci(S) = -2<7*z*ci(0 = **<f ciK) = z*d{u % ) = e*z*c 1 (uj 7r ) = e*^. 



2.4. General SL flag varieties. Let us now consider the case of a general SL flag 
variety X parameterizing I successive quotients of dimensions r± , . . . , 77 of some N di- 
mensional vector space V. 

Pulling back the tautological sequence on X 

(9) -f Si . . . -f Si -» V (2) Ox -» Qi -» ■ • • -» -► 0. 

under a morphism / : P 1 — > X, we obtain a sequence of locally free quotients 

F ® Opi -> Fi -> . . . -» F/ -> 

of ranks and degrees dj. Allowing for arbitrary (not necessarily locally free) quotients, 
we obtain the Hyper-Quot scheme compactification HQuot of the space of morphisms 
Mor^(P 1 ,X). We will use the more explicit notation HQuot(N, r,d) when necessary. 
Here r = (ri, . . . , 77) and d = (di, . . . , di). 

Since HQuot is a fine moduli scheme, there is a universal sequence on P 1 x HQuot: 

£1 £1 —*v ®o Fi ft —* 0. 

We seek to show that: 

Lemma 2. The cohomology (and the Chow rings) of HQuot(N,r,d) is generated by the 
Kunneth components ofcj(J~i). 

Unfortunately, the arguments of the previous subsections do not extend to the present 
case. Even though a description of the Hyper-Quot scheme similar to the one in subsec- 
tion 2.1 does exist |Kimj . nonetheless we obtain an embedding of a principal bundle over 
HQuot into a singular affine variety. The existence of singularities is a serious (and not 
the only) obstacle in extending the proofs in subsection 2.2 to our new setting. 
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Nevertheless, the proof of the lemma stated above should be well known, but we could 
not find a suitable reference. To prove it, we will use a well-known trick of Beauville- 
Ellingsrud-Stromme JES^ Some of the details appear in the next subsection. There are 
difficulties in applying the same argument equivariantly. Instead, we will use a combi- 
nation of the Leray spectral sequence and the already established equivariant results for 
the Quot scheme. We prove the following: 

Lemma 1. (bis) For any flag variety X and any degree (5, the lowest piece of the Hodge 
structure W*H*(M.o, n (X,(3)) is spanned by the restrictions of the tautological classes on 
Mo tn (X, (3) of definition 1. The same results hold for the Chow groups. 

To see this, we will assume lemma We consider the following product of forgetful 
morphisms: 

i = Y[ l j '■ HQuotpi (N, r, d) — > Quot(N, rj, dj). 
j j 
We put together lemma |21 and the observation that the universal quotients on P 1 x 
Quot(N, rj, dj) pull back to the universal sheaves Tj on P 1 x HQuot. We conclude that 
the pullback map 

i* : H*([lQuot(N,rj,dj)) -» H*(HQuot(N,r,d)) 

j 

is surjective. The results of section 2.1 imply that in fact the cohomology of HQuot is 
generated by the Chern classes Ci(Aj t m) for m £ {—1,0}. Here Aj t m = Rir+Fjirn) for 
m > — 1, and vr : P 1 x HQuot — > HQuot is the natural projection. Of course, this change 
of generators could also be seen more directly. 

When n > 3, the statement in lemma ^ (bis) follows by the same argument we used 
in section 2.2 for Grassmannians. 

To deal with fewer marked points, we will explain that the map i* is surjective in 
G-equivariant cohomology. Here G denotes one of the groups SL2, N or C* which we 
used in section 2.3. Surjectivity is a consequence of the collapse of the Leray spectral 
sequence in equivariant cohomology as proved for example in |Gij . Strictly speaking, the 
group N is not covered by the results of jHIl , but the argument in the algebraic category 
presented below takes care of this case as well. 

We obtain the diagram: 

E p 2 ' q = H p G ®Hi (jjj Quot(N, rj ,djfj => H p + q Quot(N, r v d^ 

i* *g 
E% q = H P G ® Hi (HQuot) 

Surjectivity of the equivariant cohomology restriction map i G follows now from the non- 
equivariant statement. Indeed, it suffices to observe that the collapse of the spectral 
sequence shows that the equivariant groups on the right admit nitrations such that i* 
induces surjections between their associated graded algebras. 



H p+q (HQuot) 
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We dedicated the previous subsection to the computation of the equivariant coho- 
mology of the Quot schemes. From the above, we obtain a generation result of the 
equivariant cohomology of HQuot in terms of the equivariant tautological Chern classes 
of the bundles Aj m - Now the arguments which occupy the rest of section 2.3 can be 
used to finish the proof of lemma Q (bis). 

The argument in the Chow groups is slightly more involved, but we will include it here 
for completeness. For simplicity, let us write X and Y for HQuot and f| • Quot(N, rj, dj) 
respectively, and then i : X — > Y is the forgetful morphism. We know that the pullback: 



i- : A*(Y) A*(Y) A*(X) A*(X) is surjective. 

We want to derive the same statement equivariantly for the action of the groups SL2, N, C* 
As before, let W be an open smooth subvariety of an affine space with a free action of G. 
We claim that the map v w : A+(Y x W) — » A±{X x W) is also surjective. This follows 
from the surjectivity of v and of the following two maps: 

AJX) ® A*(W) -» A*(Y x W) and A*{X) ® A±{W) -» A+(X x W). 

To see that the exterior product maps are surjective, we make use of the fact that both X 
and Y are smooth projective varieties admitting torus actions with isolated fixed points 
[St] . Such torus actions are obtained from a generic torus action on P 1 and on the fibers 
of the sheaf whose quotients give the Quot schemes. Therefore, the theorem of 
Bialynicki-Birula shows that X and Y can be stratified by unions of affine spaces. For 
affine spaces surjectivity is clear. Our claim follows inductively, by successively building 
X and Y from their strata. 

To finish the proof, it suffices to explain the surjectivity of the map: 

i- G : A°(Y) = A,{Y x G W) - A*{X x G W) = A^{X). 

We have a fiber diagram: 

X x W — - Y x W 



X x G W^+Y x G W. 

where the vertical arrows are principal G bundles. Let a be any class in A^{X x G W). 
Then, our assumption and theorem 1 in |V2j respectively show that there are classes (3 
and on Y x W and Y x G W such that: 

~n\a = v w (3 and (3 = 7Ty/5. 

Therefore, 

■K* x a = %vry/3 = ir* x i G p. 
We first assume G is either SL m or GL m and use theorem 2 in |V2j . Then, 

j ^ — > y 

a = i G (3 + c i H o-i 

i>l 
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for some classes oti G Ak+i(X Xg W) and for some operational classes cf on X xq W. 
Moreover, by |V2j . we find classes cj operating on A+(Y xq W) with i* G c( = cf . 
Inductively on codimension, we know on = i' G (3i. The following computation concludes 
the proof: 

« = + X/Gcf n 4?A = i G (p + J2 c ? n PiJ ■ 

There is one remaining case needed for our arguments, namely that of the group N. 
Let E — > X Xql 2 W be the vector bundle associated to the principal GL2 bundle: 

X xW ^ X x GL2 W. 

Then X xsl 2 W is total space of the bundle of frames in detE. It is equipped with a 
projection r\ : X x$l 2 W — > X xql 2 W. More importantly, X x jy W is the projective 
bundle F(r]*E) over X x$l 2 W and comes equipped with a tautological bundle tx- Then 
A ir (X Xat VF) is generated by the class c\{tx) and A+(X x$l 2 W). The analogous 
discussion holds for Y. From here, the surjectivity of i' N follows from that of i'sl 2 - 

2.5. The Cohomology of the Hyper-Quot scheme. In this section we will prove 
lemma 121 using the diagonal trick of Beauville-Ellingsrud-Stromme Fj£||. We will express 
the class of the diagonal embedding A : HQuot HQuot x HQuot as a combination of 
classes ir\a ■ tx\(5 on HQuot x HQuot, where a and (3 are among the tautological classes 
listed in lemma|2l Here nx, 7T2 are the two projections HQuot x HQuot — > HQuot. This 
will establish lemma |2] completely. Since such arguments are well known, we will only 
sketch some of the details. 

Let K, be the kernel of the natural sheaf morphism on P 1 x HQuot x HQuot: 

1 1-1 
Horn (irfoi&Fi) - 0Hom (vr^,^ +1 ) -> 0. 

i=l i=l 

Let p : P 1 x HQuot x HQuot — > HQuot x HQuot denote the natural projection. It 
can be shown that p*)C is a vector bundle whose rank equals the dimension of HQuot, 
essentially by showing that there are no H lJ s along the fibers of p. In turn, this can 
be observed via the following argument borrowed from |CF| . Assume we are given two 
geometric points of HQuot: 

-> E. -> V <g> P i -> F. -> 0, -> ^ -> F ® P i -> -> 0. 

These define a morphism P 1 — > P 1 x HQuot x HQuot and we let -fC be the pullback of 
K,. We have a natural map from a trivial bundle: 

z z-i 
Horn (V, V) ® Opi -> Horn (Ei,F[) - Horn 
i=l i=l 

which factors through i^. One easily checks that the map Horn (1/, 1/) ® Opi — > is 
generically surjective. Therefore H (P , K) = 0. 
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Moreover, a section of /C is canonically obtained from the natural morphisms: 

We also obtain a section of the bundle p±IC on HQuot x HQuot. This section vanishes 
precisely along the diagonal. Therefore [A] = ct p(p±fc)- A Grothendieck Riemann Roch 
computation expresses the Chern character/classes of p*lC as combination of classes 
it* a ■ 112(3 where a,/3 are among the candidates we listed in lemma as desired. 

2.6. Cohomology of fibered products. To finish the proof of theorem ^ we need to 
understand the cohomology of the boundary strata. To this end, we will need to make 
use of the following result about the cohomology of fibered products. 

Lemma 3. Assume there is a fiber square where pi and P2 are proper morphisms of 
projective orbifolds with surjective orbifold differentials, and B simply connected: 

Z = X x B Y 

P2 



The cohomology of H*(Z) is generated by the image of H*(X) <g>H*(Y). 
Proof. We reformulate the statement as follows. We have a fiber diagram: 

T> — 

where T' = B,T = BxB,S' = Z,S = XxY. We observe that i* : H*(T) -> H*(T') 
is surjective. We want to prove that («')* : H*{S) — > H*(S') is also surjective. This will 
follow from a more general argument. 

There are two Leray sequences corresponding to the maps tt and tt' . Their collapsing 
is a well known result of Deligne [D] . To apply it we need to know that the differentials 
of both maps are surjective. Strictly speaking, Deligne works with smooth projective 
varieties, but his result extends to projective orbifolds (the main ingredient in the proof 
is the Hard Lefschetz theorem, which holds for orbifolds - see (Sj). There are natural 
morphisms between these spectral sequences: 

i* i (»')* I 

HP(T',R^Tr'^Q) => HP + i(S') 

We claim that the second vertical arrow («')* is surjective. We first observe that the 
first vertical arrow i* is surjective. Indeed, i* : H*(T) — > H*(T') is surjective. The 
two local systems given by the direct images ^tt^Q and R q Tr'*Q on T, T' are trivial, 
these spaces being simply connected. Surjectivity of i* follows. Because the two spectral 
sequences degenerate, there are suitable nitrations F* and F" of H p+q (S) and H p+q (S'), 
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compatible with the map (i')* such that the map (i')* : Gr' F — > Gr F , is surjective. It 
follows inductively that (£')* restricted to the successive pieces of the nitrations is also 
surjective, hence («')* : H*(S) — ► H*(S') is surjective. This completes the proof. 

2.7. The main result. Let X be an arbitrary SL flag variety. In this subsection we 
will conclude the cohomological proof of our main result, theorem 1. 

We will apply the lemma proved above to the evaluation maps ev : Mo, n +i(X, (3) — > X. 
Then, the cohomology of the fibered product Mo^u{»}(-^i @a) xx Mo,bu{*} @b) is 
generated by classes coming from each factor. To place ourselves in the context of the 
lemma, we need to show that the (orbifold) differentials have maximal rank i.e. that these 
differentials are surjective. Recall from |FPj the construction of Mo )T1 +i(X, 0). First, 
one rigidities the moduli problem. Consider an embedding of X into an r dimensional 
projective space P(V), and fix t = (to, ... ,t r ) a basis of V*. We define a moduli space 
of t-rigid stable maps to P(V). This space parametrizes stable maps / : C — > P(V) of 
degree d with n + 1 markings; in addition to the n + 1 standard markings of the domain 
Pi, we also fix d(r + 1) markings q^j (0 < i < r and 1 < j < d) stabilizing the domain 
curve, such that we have an equality of Cartier divisors f*t{ = q^i + . . . + q^d- 

We consider the closed subscheme of the scheme of t-rigid maps to P(V) which factor 
through the inclusion of X in P(V). The moduli space of such i-rigid maps Mj is a 
smooth variety. To get to the Kontsevich moduli space, we need to quotient out the 
action of a finite group. It suffices to show that the map ev : Mt — > X which evaluates 
at the last point has maximal rank. This is essentially explained in |FPj and it is quite 
straightforward. Let (f,C,pi,...p n+ i,qij) be a i-rigid map and let p = f(p n+ i). The 
differential of the evaluation sends the deformation space of the rigid stable map, Def, 
to T p X. This map factors as the composition of two surjections Def — > Def — > T p X. 
Here Def = H°(f*TX/Tc(—p n +i)) is the deformation space of the triple (f,C,p n+ i). 
The second map is simply the fiber evaluation. It is surjective because for any genus 
stable map /, f*TX is generated by global sections |FPj . 

We are now ready to prove theorem ^ The statement is proved by double induction, 
first on the degree (3, and then on the number of markings. In degree (3 = 0, the 
result follows from Keel's theorem. Next, we consider the indecomposable classes f3 
and n < 1. When X = G(k,V), the result is a consequence of the description of the 
moduli space Ai$fi(X, 1) as the flag variety Fl(k — 1, k + 1, V) of two step flags in V of 
dimensions k — 1 and k + 1 respectively (this is explained for example in |STij lemma 
3.2). For n = 1, there is a similar description of the moduli space as the flag variety 
Fl(k — l,k,k + 1, V). For general flags X, the class (3 is Poincare dual to c\(Qi), for 
some i. There exists a flag variety Y (obtained by skipping the i th quotient in X) and a 
projection morphism tt : X — > Y such that tt+13 = 0. All stable maps to X in the class (3 
are entirely contained in the fibers of tt which are Grassmannians. Therefore, the moduli 
space Mo t o(X, (3) maps to Y , the fibers being flag varieties as above. The main theorem 
follows immediately. 

All other moduli spaces for higher values of n or (3 have nonempty boundary divisors 
D(A, B, Pa, (3b), where either /3a and (3b are both smaller than (3, or A, B have fewer 
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than n points. The cohomology of the fibered product scheme M(A, B, Pa, Pb) (and 
hence of the fibered product stack) dominating the boundary is computed by lemma 
El It is spanned by tautological classes in the light of the induction assumption. We 
apply the Deligne spectral sequence, specifically the exact sequence (JHJ. We start with 
an arbitrary codimension k class a in Mo >n (X, 0). Its restriction j*a on A4o in (X, (3) 
has Hodge weight k. By virtue of lemma ^ (bis), we derive that j*a is equal to the 
restriction j*a! of some tautological class a' . Then Q shows that a — a' is supported 
on M(A, B, 0a, Pb), hence inductively it is sum of tautological classes. This proves the 
theorem. 

3. Some Open Questions. 

The results discussed in this paper should hold for general flag varieties over any field 
(see remark l(iii)). We conjecture: 

Conjecture 3.1. If X = G/P is a general flag variety, where G is a semisimple algebraic 
group and P a parabolic subgroup, then all rational Chow classes of Mo,n(X,P) are 
tautological. 

We also propose the following conjecture based on computations in |Palj and |()2j : 

Conjecture 3.2. If X is any flag variety, (the dimensions of) the Chow rings of the open 
part A4o t n(X, P) are independent on the degree P, provided that P is a linear combination 
of the indecomposable classes with positive coefficients. 

Since the number of tautological classes is huge compared to the dimension, it would be 
interesting to find a universal way of producing relations. For instance, relations can be 
obtained using Mumford's method: one exploits the vanishing of higher Chern classes of 
tautological bundles which can otherwise be computed by Grothendieck-Riemann-Roch. 

Question 3.1. (i) Find a universal (and complete) way of obtaining relations in 
the tautological rings. 
(ii) Find a concrete description of the cohomology ring when the target is any flag 
variety. 

In |()2j we show that in codimension 1, all relations are essentially consequences of 
the topological recursion relations coming from Mo,n- This is a manifestation of the 
fact that the tautological systems are generally insensitive to the geometry of the target 
space. One may hope that all relations between the tautological generators belong to the 
system of tautological relations preserved by the natural pushforwards and containing, 
in addition to the usual relations in Gromov-Witten theory, the topological recursion 
relations. We will make these concepts precise elsewhere. 

Question 3.2. Is it true that all (non-trivial) relations between the tautological classes 
(or better, stabilized cohomology classes in the sense of BHJ are consequences of the 
topological recursion relations? 
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Finally, one can define the higher genus tautological systems. It is beyond the scope of 
this paper to discuss this case, but its study in the context of Gromov-Witten theory will 
be of interest. One possible application of these ideas concerns reconstruction of Gromov- 
Witten invariants. A genus example is worked out in our paper |()2j exploiting the 
relations between the tautological classes. 

Appendix A. The higher genus tautological systems. 

To define the tautological systems 1Z for non-convex targets or higher genera we need 
to make use of the virtual fundamental classes. As the moduli spaces involved are not 
necessarily smooth, we will ignore any possible ring structure 1Z may have. 

We let 1Z C A*(M.o <n (X, (3)) be the minimal system satisfying the requirements: 

• ev^ax ■...■ev*a n -ip" 1 n \M g , n (X, (3)] Wr eH, for all a, G A*(X), a, > 0; 

• The system is closed under pushforward by the forgetful morphisms; 

• The system is closed under the gluing maps. 

To define the gluing maps Cr, we fix a stable modular dual graph T of genus g, degree 
/?, with n legs. For each vertex v, we write g v , j3 v , n v for the corresponding genus, degree 
and total valency (half edges and legs). The boundary stratum .M(r) of maps with fixed 
dual graph V is obtained from the fibered diagram below, where E(T) and H(T) stand 
for the set of edges and half edges of T, and Ap is the natural diagonal map: 

M g , n (X, 0) J^- M(T) - IL M gv , nv (X, (3 V ) 

X E(F) — „ X H{T) 

The gluing map £r is obtained as composition of the gluing pushforward, the Gysin 
morphism and the exterior product (which we will omit from the notation): 

Cr : (g)A, {M gv , nv (X,Pv)) - A, (M g>n (X,p)) , Cr = (<?Zr)*A^ 

V 

Lemma A.l. In genus and for convex targets, we recover the definition proposed in 
the introduction. 

The issues are of course closure under multiplication and the tp classes. To begin, we 
define the k classes using the forgetful pushforward: 

«n(«n+l, • • • ,a n + P ) = n*(ev* +1 a n+ i ■ ... ■ ev* +p a n+p n [M , n + P (X, /?)] m ). 

More generally, we can define the operational classes R n {a n+ \, . . . ,a n+p ) as the opera- 
tional proper flat pushforward M of monomials in the evaluation classes. Then 

K n (,a n+ x, ... , ctn+p) n [Mo,n(X, (3)} mr = K n (a n+ i, . . . ,a n+p ). 

We let S d = Sp n C A*(A4o,n(A, /?)) be the following collection of descendant classes: 

(10) 6 = ev\ ai ■ ev*a n ■ ip" 1 ■ . . . ■ ip^ n K n {a n+1 , . . .,a n+p ) G A+(M 0jn (X, /?)). 
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We let S d be the collection of classes: 

Cr(0r), where r = Jj0„, and 0„ G 5^^, 

for all stable dual graphs T. We define the similar collections of primary classes S p and 
S p only allowing a% = . . . = a n = in equation (|lUj) . 
The lemma will follow from the facts below: 

(a) For all targets X, S p is preserved by the natural pushforwards. 

(b) For convex targets X, S d is closed under the multiplication in the Chow ring. 

(c) For all targets X, S d = S p ; consequently, both collections give additive generators 
for the tautological systems. 

To prove (a) , we first observe that closure of S p under the gluing pushforwards is ob- 
vious. We check closure under the forgetful morphism ir : M.Q^ n {X, (3) — > M.o in -\{X, (3). 
Letting V be the graph obtained from T by forgetting the n th leg, we obtain: 

vr.Cr(^r) = 7r*( 5 Z r )*A^ r = {gl T ,)^ v 9 r = {gl r )^ T ,(^9 T ) = Cr'Mr)- 

Special care must be taken when the graph V is unstable. At any rate, we reduce our 
check to classes in S p . Then, let 9 be a class as in (jlUj) . with a\ = . . . = a n = 0. The 
projection formula shows: 

TT+9 = ev{ai ■ ... ■ ev*_ x a n -i n K n _i(a n , . . . , a n+p ) G S p . 

To check (b), we follow an idea of |GPj . We fix two classes Cr(#r) and Cr'(^r') sup- 
ported on .M(r) and A4(T'). Their product is computed by the excess intersection 
formula. The excess bundle will be distributed over the components .M(r") of the stack 
theoretic intersection of .M(r) and ^(r'). These are indexed by dual graphs which are 
given additional structure. The graph T" is endowed with two collapsing maps T" — > T 
and r" — > r' which replace whole subgraphs of T" with vertices of either r or T', also col- 
lecting the incident legs and the degree labels. Moreover, we require that each half-edge 
of r" correspond to a half edge in either T or in T'. Just as in equation (11) in |GP| . we 
derive that the excess normal bundle splits as sum of line bundles which are expressed 
in terms of the cotangent lines. The top Chern class of the excess bundle equals 

e 

where v, w are vertices lying on an edge e which "comes" from both V and V . Therefore, 
the excess intersection formula shows that: 

Cr(flr)-Cr'(M = ^Cr»(0r»)- 
r" 

We argue that #r" is an exterior product of classes in S d . To this end, we observe that: 

(i) Pullback under the gluing morphisms glr preserves the evaluation classes ev*a 
and the classes. 

(ii) The pullback of a k class under gluing is sum of k classes. 

(iii) Product of k classes is a k class. 
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Finally, for the last item on our list, it suffices to check that S d C S p , since S p is 
invariant under the gluing morphisms. This will follow if we show that: 

V>i n _ : S p -> S p . 

Using the projection formula for the boundary maps, observation (i) and the compati- 
bility of Chern classes with the Gysin morphisms, it suffices to prove that: 

fa : S p -> S p . 

Let 9 be given by (fTU|) . The projection formula for the morphism ir : M.Q tn+p (X, (3) — > 
Mo t n(X, (3) shows that fa n is the 7r-pushforward of the class: 

ir*fa • e«*ai • . . . • ev* +p a n+p n [.M 0i n+p(V, /?)] " r • 

Using the invariance of S p under the forgetful pushforward by tt established above, it 
suffices to prove that this class belongs to S p . It is an immediate consequence of the 
commutation between Gysin morphisms and flat pullbacks that: 

evtai n.:S p ^S p . 

It remains to prove that: 

n*fan [M , n+P (x,(3)] mr es p . 

When X = P r , this is a consequence of the equation VI 6.17 in jMj which expresses 
ir*ipi — fa as sum of boundaries, and lemma 2.2.2 in |Pa2j which expresses fa in terms of 
boundaries, evaluation and operational k classes. The general case follows pulling back 
under the closed embedding i : M.o iTl +p{X, f3) — > Mo tn + p (W T ', i+/3) induced by a projective 
embedding of X. Then, to finish, we cap with the virtual fundamental class. 
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